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ABSTRACT
String-inspired 1+1-dimensional gravity is coupled to Yang-Mills fields in the Cangemi-
Jackiw gauge-theoretical formulation, based on the extended Poincare´ group. A family
of couplings, which involves metrics obtainable from the physical metric with a conformal
rescaling, is considered, and the resulting family of models is investigated both at the
classical and the quantum level. In particular, also using a series of Kirillov-Kostant phases,
the wave functionals that solve the constraints are identified.
Physical Review D54 (1996) 6193
MIT-CTP-2539 OUTP-96-18-P SNUTP-96-044 hep-th/9611028 March 1996
∗This work was supported in part by funds provided by the European Community under contract #ER-
BCHBGCT940685, the U.S. Department of Energy (D.O.E.) under contract #DE-AC02-89ER40509, the
Korea Science and Engineering Foundation through the SRC program of SNU-CTP, the Basic Science
Research Research Program under project #BSRI-96-2425, and the Istituto Nazionale di Fisica Nucleare
(INFN).
I Introduction
The problem of constructing a consistent quantum theory of gravity has proven to be
extremely hard. It appears that, once there is a quantum dynamics for the geometry, very
few of the tools used in the quantization of theories in a background geometry are available.
One appealing possibility to tackle the problem is the one of casting gravity in a gauge
theoretical formulation, so that we would be able to draw from the experience gained in the
many successful quantizations of gauge theories. Some of the most interesting proposals pro-
viding such formulations are the Ashtekar formulation of Einstein gravity [1], the Poincare´
gravities [2, 3], the Chern-Simons gravity [4], and, most recently, the Cangemi-Jackiw [5]
gauge theoretical reformulation, based on the extended Poincare´ group, of string-inspired
(1+1-dimensional) gravity [6].
The Cangemi-Jackiw approach to 1+1-dimensional quantum gravity has been used in
investigations of pure gravity [5], gravity coupled to point particles [7, 8], and gravity cou-
pled to scalar matter fields[9]; however, the analysis of gravity coupled to gauge fields,
which is the objective of the present paper, had not been previously performed. Obviously,
for gauge theoretical formulations of quantum gravity the coupling to gauge fields can be
very interesting; most importantly, one expects simplifications (with respect to correspond-
ing non gauge theoretical formulations[10, 11, 12]) to arise, allowing to make substantial
progress.
One important aspect of our analysis is that we consider different ways to couple gauge
fields to gravity. We consider a family of couplings involving metrics that can be obtained
from the Cangemi-Jackiw gauge metric with a conformal rescaling, so, in particular, we have
as limiting cases the minimal coupling via the gauge metric itself and the minimal coupling
via the physical metric, as done in Ref. [8]. (The definitions of the gauge metric and the
physical metric are reviewed in the following section.) In particular, the investigation of the
coupling via the physical metric might be relevant to the understanding of the nature of
the divergencies encountered in Ref. [8] in relation to the Poincare´ coordinates. A crucial
point is that in the case of gauge-theoretical gravity coupled to N point particles [8] one is
naturally lead to the introduction of N sets of Poincare´ coordinates associated to the actual
coordinates of the particles (upon appropriate gauge choice the Poincare´ coordinates are
indeed the coordinates of the particles), whereas the coupling to fields always involves one
set of Poincare´ coordinates, which however are then functions taking values on the entire
1+1-dimensional space-time.
Throughout the paper, the abelian limit of the results that we obtain for arbitrary Yang-
Mills fields within the gauge-theoretical formulation are compared to the corresponding
results obtained within the geometric approach of Ref.[12], in which only the coupling to
abelian gauge fields was considered.
Before proceeding to the quantization of our models, which is the primary objective of
this paper, for completness in the next two sections we review the Cangemi-Jackiw gauge
theoretical formulation and analyze our models at the classical level.
II Gauge formulation of lineal gravity
The (geometrical) action of string-inspired gravity [6] is given by
I =
1
2πκ
∫
d2x
√−gP e−2φ(R(gP ) + 4gPµν∂µφ∂νφ− λ). (2.1)
1
where λ is the cosmological constant and φ the dilaton field.† The introduction of the new
variables
gµν = e
−2φgPµν and η = e
−2φ (2.2)
transforms the action (2.1) into a simpler expression
I =
1
2πκ
∫
d2x
√−g(ηR(g) − λ), (2.3)
which can be reformulated as a gauge theory [2, 5, 13]. (In the following, in order to avoid
ambiguities, we shall refer to gPµν as the “physical” metric, and to gµν as the “gauge”metric.)
In particular, a gauge theoretical formulation of the action (2.3) can be given by using the
4-parameter extended Poincare´ group in 1+1 dimensions [5, 7, 9], whose Lie algebra reads
[Pa, Pb] = ǫabI , [Pa, J ] = ǫ
b
a Pb (2.4)
(2.5)
Here, Pa and J are the usual translation and boost generators, while I is the central element.
Such extension arises naturally in two dimensions if one allows non-minimal gravitational
coupling, as pointed out in Ref.[5].
The field, which will describe gravity, is now introduced as a connection one-form that takes
values in the Lie algebra
Bµ = e
a
µPa + ωµJ + aµI. (2.6)
ea and ω are the zweibein and the spin connection respectively; the potential aµ is, instead,
related to the volume form [5]. The connection defined in (2.6) transforms according to the
adjoint representation. In components the transformation is
eaµ → (Λ−1)ab(ebµ + ǫbcθcωµ + ∂µθb), (2.7)
ωµ → ωµ + ∂µα, (2.8)
aµ → aµ − θaǫabebµ −
1
2
θaθaωµ + ∂µβ +
1
2
∂µθ
aǫabθ
b, (2.9)
where we have parameterized the gauge transformation as follows
U = exp(θaPa) exp(αJ) exp(βI) (2.10)
and Λab is the Lorentz transformation matrix
Λab = δ
a
b coshα+ ǫ
a
b sinhα. (2.11)
The field strength R can be now computed from its definition
R = dB + [B,B]
= (dea + ǫabω ∧ eb)Pa + dωJ + (da+
1
2
ǫabe
a ∧ eb)I. (2.12)
†Notation: the signature of the metric tensor gPµν is assumed to be (1,−1). The Latin indices a, b, c . . .
run over a tangent space where the flat Minkowski metric hab = diag(1,−1) is defined. The antisymmetric
symbol ǫab is normalized so that ǫ01 = 1.
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To construct an invariant action linear in the curvature (i.e. in R), one introduces a
multiplet, ηA ≡ (ηa, η2, η3), that transforms according to the co-adjoint representation
ηa → (ηb − η3ǫbcθc)Λba, (2.13)
η2 → η2 − ηaǫabθb +
1
2
η3θ
aθa, (2.14)
η3 → η3 . (2.15)
(Note that ηa may be set to zero by a gauge transformation.) The action is now simply
formed by contracting ηA with ǫ
µνRAµν
Ig =
1
2πκ
∫
d2xǫµν
(
ηa(∂µe
a
ν + ωµǫ
a
be
b
ν) + η2∂µων + η3(∂µaν +
1
2
ǫabe
a
µe
b
ν)
)
. (2.16)
It is easy to show [5, 7] that this B-F theory is equivalent to the string-inspired gravity
defined by the geometrical action (2.3) once we identify η2 = 2η and gµν = e
a
µeaν . The
cosmological constant, λ, is generated dynamically by the field η3, which is fixed to be a
constant by the equations of motion.
A gauge invariant description of matter requires the introduction of a new variable: the
Poincare´ coordinate qa. The appearance of this additional degree of freedom is intrinsically
related to the geometric structure of the Poincare` group. However, a detailed analysis of
this subject goes beyond the aim of this brief review, and for a deeper analysis we refer the
reader to Refs.[14, 15, 16]. Here, we only comment on some aspects useful in writing down
invariant actions for matter fields.
In a Poincare´ gauge theory of gravity, the connection eaµ cannot be really interpreted as
the geometrical zweibein. In fact, due to the inhomogeneous nature of its transformation
under the symmetry, the ensuing metric (gµν(x) = e
a
µηabe
b
ν) would be not gauge invariant
‡.
Hence, to preserve a geometrical interpretation, we need to construct a new field that plays
the role of the geometrical zweibein.
Assuming that qa under a gauge transformation behaves like
(qU )a = (Λ−1)ab(x)(q
b(x) + ǫbcθ
c(x)), (2.17)
the combination Eaµ(q)≡−ǫab
[
∂µq
b(x) + ǫbc
(
qcωµ − ecµ
)]
seems to be a good canditate. In
fact it has the correct transformation law, (namely Eaµ(q) = Λ
a
b (α)E
b
µ(q)). Moreover, there
is a gauge choice in which Eaµ(q) can be actually identified with e
a
µ, the so-called “physical
gauge” qa = 0. When this gauge is selected, the Poincare` invariance is broken and only the
Lorentz subgroup survives, so that the usual first fomalism is recovered.
In a certain sense the qa field looks like a Higgs field in a gauge theory with symmetry
breaking; its presence insures the gauge invariance, and when the unitary gauge, qa=0, is
chosen the physical content of the theory is exposed.
The construction of gauge invariant actions for matter fields can be now performed in a
straightforward manner. Given the geometrical Lagrangian in the first order formalism, we
shall simply replace the field eaµ with the field E
a
µ(q) everywhere it appears. This procedure
will naturally lead to the desired Lagrangian.
‡This unpleasant feature may disappear when the equations of motion impose the
vanishing of the curvature fields. In such cases the symmetry may be recovered on-shell.
This happens, for example, for the pure gravity described by the action (2.16).
3
For instance, we can consider the case of a massless scalar field, whose action in the usual
first order formalism can be written as∫
M
dx2ǫabǫ
µν(eaµΠ
b∂νφ− eaµφ∂νΠb + eaµebνΠlΠl). (2.18)
The field Πl is an auxiliary field introduced in order to have a polynomial Lagrangian in
the zweibein eaµ. The Poincare` invariant Lagrangian is now simply∫
M
dx2ǫabǫ
µν(Eaµ(q)Π
b∂νφ− Eaµ(q)φ∂νΠb + Eaµ(q)Ebν(q)ΠlΠl). (2.19)
Finally, concerning the equations of motion derived from such Lagrangians, we have to
notice that they are in general consistent only when considered together with the equations
for the gravity. This feature is common to all Poincare` theories of gravity.
III The model and its classical solutions
In this section we shall investigate the string-inspired gravity coupled to a non abelian
gauge field Aµ(x) = A
i
µ(x)Ti. In the geometric formulation, where the metric, the dilaton
and the gauge connections are the fundamental fields, the action reads
I =
1
2πκ
∫
d2x
√−g
P
(SP (φ)R(gP ) + gPµν ∂µφ∂νφ+ VP (φ))
− 1
4
∫
d2x
√−gP WP (φ)Tr(FµνFµν). (3.1)
where R(gP ) is the scalar curvature and Fµν = ∂µAν − ∂νAµ + [Aµ, Aν ]. With respect to
the usual dilaton gravity, we have added the possibility of an arbitrary dilaton potential
VP (φ) and arbitrary couplings to the dilaton (SP (φ) and WP (φ)). If SP (φ) is a regular
invertible function for any admissible value of φ, the geometrical action can be connected
to the gauge formulation in terms of the extended Poincare` group by means of the following
field redefinition
gµν(x) = exp
(
1
2
∫
dφ
dSP /dφ
)
gPµν(x) φ¯ = S
P (φ), (3.2)
In terms of this new fields, the action takes the form
I =
1
2πκ
∫
d2x
√−g(φ¯R(g)− λ) + 1
8
∫
d2x
√−g
(
W (φ¯)Tr(F˜ 2)− 2V (φ¯)
)
(3.3)
where F˜ ≡ ǫµνFµν , and V and W are defined as
V (φ¯) =
2λ
πκ
− 2
πκ
VP (φ(φ¯)) exp
(
−1
2
∫
dφ
dSP /dφ
)
(3.4)
W (φ¯) = WP (φ(φ¯)) exp
(
1
2
∫
dφ
dSP /dφ
)
(3.5)
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The connection with the gauge theory is now rather simple; in fact, we have
Ig =
1
2πκ
∫
d2xǫµν
(
ηa(∂µe
a
ν + ωµǫ
a
be
b
ν) + η2∂µων + η3(∂µaν +
1
2
ǫabe
a
µe
b
ν)
)
(3.6)
−1
4
∫
dx2
{
V (qAηA)det(E(q)) −W (ηAqA)
(
Tr(F˜Φ)− det(E(q))
2
Tr(ΦΦ)
)}
where qAηA is the gauge invariant combination ηaq
a + η2 +
1
2η3qaq
a, and det(E(q)) =
−1/2ǫabǫµνEaµ(q)Ebν(q). The auxiliary field Φ = ΦiTi has been introduced in order to have
a polynomial Lagrangian. The equivalence between the two actions (3.3) and (3.6) can
be easily shown by comparing the equations of motion in the two theories. In the gauge-
theoretical formulation the equations of motion read
δηa → ǫµν(∂µeaν + ωµǫabebν) =
πκ
2
qa
[
∂V
∂(ηAqA)
det(E(q)) − ∂W
∂(ηAqA)
T
]
, (3.7)
δη2 → ǫµν∂µων = πκ
2
[
∂V
∂(ηAqA)
det(E(q)) − ∂W
∂(ηAqA)
T
]
, (3.8)
δη3 → ǫµν(∂µaν + 1
2
ǫabe
a
µe
b
ν) =
πκ
2
qlql
[
∂V
∂(ηAqA)
det(E(q)) − ∂W
∂(ηAqA)
T
]
, (3.9)
δea → ∂µηa + ǫabηbωµ + ǫabebµη3 = −
πκ
2
(
V (ηAq
A) +
W (ηAq
A)
2
Tr(ΦΦ)
)
ǫabE
b
µ(q), (3.10)
δωµ → ∂µη2 + ǫabηaebµ = −
πκ
2
(
V (ηAq
A) +
W (ηAq
A)
2
Tr(ΦΦ)
)
ǫabE
a
µ(q)q
b, (3.11)
δaµ → ∂µη3 = 0, (3.12)
δΦ→ F˜ − det(E(q))Φ = 0, (3.13)
δAµ → Dµ(ΦW (ηAqA)) = 0, (3.14)
where Dµ is the covariant derivative constructed with the Yang-Mills field Aµ, and T stands
for
T =
(
Tr(F˜Φ)− 1
2
det(E(q))Tr(ΦΦ)
)
. (3.15)
The auxiliary field Φ can be now eliminated by using (3.13). In fact we have
Φ =
F˜
det(E(q))
, (3.16)
which in turn implies
Tr(ΦΦ) =
Tr(F˜ 2)
det(Ea(q))2
and T = 1
2
Tr(F˜ 2)
det(E(q))
. (3.17)
Moreover, from Eq.(3.14) it is straightforward to show that the quantity
Q ≡ Tr(F˜
2)
det(E(q))2
W (ηAqA)
2 (3.18)
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is constant (x-independent). Using (3.16)-(3.18), the equations for gravity become
ǫµν(∂µe
a
ν + ωµǫ
a
be
b
ν) =
πκ
2
qa
[
∂V
∂(ηAqA)
+
∂W
∂(ηAqA)
Q
2W (ηAqA)2
]
det(E(q)), (3.19)
ǫµν∂µων =
πκ
2
[
∂V
∂(ηAqA)
+
∂W
∂(ηAqA)
Q
2W (ηAqA)2
]
det(E(q)), (3.20)
ǫµν(∂µaν +
1
2
ǫabe
a
µe
b
ν) =
πκ
2
qlql
[
∂V
∂(ηAqA)
+
∂W
∂(ηAqA)
Q
2W (ηAqA)2
]
det(E(q)), (3.21)
∂µηa + ǫabη
bωµ + ǫabe
b
µη3 = −
πκ
2
(
V (ηAq
A) +
Q
2W (ηAqA)
)
ǫabE
b
µ(q), (3.22)
∂µη2 + ǫabη
aebµ = −
πκ
2
(
V (ηAq
A) +
Q
2W (ηAqA)
)
ǫabE
a
µ(q)q
b, (3.23)
∂µη3 = 0. (3.24)
Let us introduce an effective dilaton potential defined by
VˆQ(η
AqA) = V (ηAq
A) +
Q
2W (ηAqA)
. (3.25)
With this choice, the previous set of equations takes a simpler form
ǫµν(∂µe
a
ν + ωµǫ
a
be
b
ν) =
πκ
2
qa
∂Vˆ
∂(ηAqA)
det(E(q)), (3.26)
ǫµν∂µων =
πκ
2
∂Vˆ
∂(ηAqA)
det(E(q)), (3.27)
ǫµν(∂µaν +
1
2
ǫabe
a
µe
b
ν) =
πκ
2
qlql
∂Vˆ
∂(ηAqA)
det(E(q)), (3.28)
∂µηa + ǫabη
bωµ + ǫabe
b
µη3 = −
πκ
2
VˆQ(ηAq
A)ǫabE
b
µ(q), (3.29)
∂µη2 + ǫabη
aebµ = −
πκ
2
VˆQ(ηAq
A)ǫabE
a
µ(q)q
b, (3.30)
∂µη3 = 0, (3.31)
which are the equations of motion for gravity in absence of the gauge field. Therefore the
effect of Aiµ is only to change the shape of the dilaton potential from V (η
AqA) to VˆQ(η
AqA).
Combining now Eq.(3.26) with Eq.(3.27), we can easily derive that
∂µE
a
ν (q)− ∂νEaµ(q) + ωµǫabEbν(q)− ωνǫabEbµ(q) = 0 , (3.32)
namely the geometrical zweibein Eaµ(q) is torsionless. Notice that this property, which is
fundamental if we want to have only a metric theory of gravity, does not hold for the gauge
connection eaµ (see Eq.(3.26)). (Actually e
a
µ becomes torsionless only in the physical gauge
qa = 0, see Eq.(3.26) again.) This confirms what we stated in the previous section.
From now on, we focus our attention on the classical solutions of the reduced system (3.26)–
(3.31). First of all we note that Eq.(3.31) requires η3 to be a constant, and we call its value
“λ” to get agreement with the geometric description in Eq.(3.3). Moreover, we can also
neglect Eq.(3.28) because it simply fixes the potential aµ, which does not play a role in the
discussion of the geometry.
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Combining Eqs.(3.29)-(3.31), it is straightforward to show that
∂µ(ηAq
A) = −λǫab
(
qa +
ηa
λ
)
Ebµ. (3.33)
and
∂µ(ηAη
A)=−πκλVˆQ(ηAqA)ǫab
(
qa +
ηa
λ
)
Ebµ=πκVˆQ(ηAq
A)∂µ(ηAq
A)=∂µ
(
πκJQ(ηAq
A)
)
=⇒ ηAηA = ξ + πκJQ(ηAqA) (3.34)
where JQ(x) is a x-primitive of the function VˆQ(x), ξ is a constant, and ηAη
A is the gauge
invariant combination ηaη
a − 2η2η3.
Taking the covariant derivative ∇ν of Eq.(3.33), we get, with the help of Eq.(3.29),
∇ν∂µ(ηAqA) = −λgµν(q) + πκ
2
VˆQ(ηAq
A)gµν(q). (3.35)
Note that, importantly, in this equation both the metric gµν(q) and the covariant derivative
∇µ are constructed out of the geometrical zweibein Eaµ(q).
Upon selecting the conformal gauge Eaµ(q) = δ
a
µe
σ(x)§, Eq.(3.35) takes the form
∂µ∂ν(ηAq
A)− ∂ν(ηAqA)∂µσ − ∂µ(ηAqA)∂νσ − ηµν∂λ(ηAqA)∂λσ = [πκ
2
VˆQ(ηAq
A)− λ]e2σηµν .
(3.36)
The component ++ and −− (x+ = x + t and x− = x − t) of this equation can be, now,
casted in the following way
∂+(e
−2σ∂+(ηAq
A)) = 0 ∂−(e
−2σ∂−(ηAq
A)) = 0, (3.37)
which are very easy to solve
∂−(ηAq
A) = e2σf(x+) , ∂+(ηAq
A) = e2σg(x−) . (3.38)
Here, f(x+) and g(x−) are two arbitrary functions, which can be set to 1 by using the
residual difffeomorphism invariance present in the conformal gauge (x+ → x+(x˜+) and
x− → x−(x˜−)). With this choice the Eqs.(3.38) collapse to
∂(ηAq
A)
∂t
= 0 ,
∂(ηAq
A)
∂x
= e2σ . (3.39)
Now, with the help of Eq.(3.33), Eq.(3.34) can be rewritten as follows
gµν∂µ(ηAq
A)∂ν(ηAq
A) + 2λ(ηAq
A) + πκJQ(ηAq
A) + ξ = 0. (3.40)
In conformal gauge this equation, due to Eq.(3.39), reduces to
∂(ηAq
A)
∂x
+ 2λ(ηAq
A) + πκJQ(ηAq
A) + ξ = 0, (3.41)
§Notice that this gauge is always available, due to the diffeomorphism and Lorentz
invariance
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which can be integrated easily with respect to ηAq
A, giving
x = −
∫ ηAqA
dy
1
2λy + πκJQ(y) + ξ
. (3.42)
This equation fixes implicitely ηAq
A in terms of the coordinate x. In turn, from Eq.(3.39),
we can compute the conformal factor σ(x). Given these two quantities the geometry is
completely determined.
It is easy to show that no further constraint arises from the remaining equations. In fact
Eq.(3.27) is implied by the Eqs.(3.39) and (3.41), once the condition of vanishing torsion
(3.32) is taken into account. Finally, Eqs.(3.29) and (3.30) simply determine eaµ and η2, if we
fix ηa = 0 by using the invariance under Poincare` translations. The Poincare` coordinate q
a
is, instead, determined by solving the equation Eaµ(q)≡−ǫab
[
∂µq
b(x)+ǫbc
(
qcωµ−ecµ
)]
=eσδaµ.
The last step is the construction of the gauge field. Combining the equations of motion
with the gauge invariance, we can always choose a solution of the form
F iµν =
f i
2W (ηAqA)
det(E(q))ǫµν (3.43)
where f i is a constant vector with the property f ifi = Q.
As a closing remark on the analysis at the classical level, we notice that our results are
consistent with (and generalize to the nonabelian case) those of Ref.[12], where coupling of
dilaton gravity to a U(1) gauge field was investigated in the framework of the geometrical
formulation.
IV Quantization
We now turn to the quantization of our model. We begin by recording the Lagrange
density that is the starting point of the analysis
L = 1
2πκ
ǫµν
(
ηa(∂µe
a
ν + ωµǫ
a
be
b
ν) + η2∂µων + η3(∂µaν +
1
2
ǫabe
a
µe
b
ν)
)
(4.1)
−1
4
V (qAηA)det(E(q)) +
1
4
W (ηAq
A)
(
Tr(F˜Φ)− det(E(q))
2
Tr(ΦΦ)
)
This can be rewritten in a way more clearly exposing the symplectic structure as follows
L = 1
2πκ
(ηae˙
a
1 + η2ω˙1 + η3a˙1) +
1
4
(
V (ηAq
A) +W (ηAq
A)
1
2
Tr(ΦΦ)
)
Ea1q˙
a
+ea0Ga + ω0G2 + a0G3 +
1
4
Tr(W (ηAq
A)ΦA˙1)− 1
4
Tr(A0D1(W (ηAqA)Φ)) (4.2)
where spatial, but not temporal, integration by parts has been carried out freely, and Ga,
G2, G3 are the gravitational gauge generators
Ga ≡ 1
2πκ
(
η′a + ǫ
b
a ηbω1 + η3ǫabe
b
1
)
+ ǫ ba pb (4.3)
G2 ≡ 1
2πκ
(
η′2 + ηaǫ
a
be
b
1
)
− qaǫ ba pb (4.4)
G3 ≡ 1
2πκ
η′3 . (4.5)
The symbol pa in Eqs.(4.3), (4.4) and (4.5) stands for the expression
1
4
(
V (ηAq
A) +
1
2
W (ηAq
A)Tr(ΦΦ)
)
Ea1, (4.6)
which is the coefficient of q˙a in the Lagrangian. It is obviously convenient to promote pa
to a momentum conjugate to qa, by introducing a Lagrange multiplier u
a that enforces
the explicit form of pa Analogously, it is convenient to promote the coefficient of A˙1 to a
momentum Π conjugate to A1.
L = 1
2πκ
(ηae˙
a
1 + η2ω˙1 + η3a˙1) + paq˙
a + ea0Ga + ω0G2 + a0G3
+Tr(ΠA˙1) + Tr(A0D1Π) + ua
[
pa − 1
4
(
V (ηAq
A) + 8
Tr(Π2)
W (ηAqA)
)
Ea1
]
(4.7)
The symplectic structure identifies the canonical coordinates as ea1, ω1, a1, A1, and q
a,
while their respective canonical momenta are ηa2piκ ,
η2
2piκ ,
η3
2piκ , Π, and pa. The Hamiltonian
is a superposition of the gravitational gauge constraints and Yang-Mills constraints; the
Lagrange multipliers ea0, ω0, a0 enforce the vanishing of the gravitational gauge generators,
ua enforces the vanishing of
Ca ≡
[
pa − 1
4
(
V (ηAq
A) + 8
Tr(Π2)
W (ηAqA)
)
Ea1
]
, (4.8)
and A0 enforces the vanishing (Gauss constraint) of
G ≡ D1Π . (4.9)
Using the Poisson brackets implied by the symplectic structure, one verifies that the algebra
of constraints closes; they are first-class. The Yang-Mills generators follow the familiar Lie
algebra of the Yang-Mills group, which in components reads
[Ga(x),Gb(y)]PB = fabcGc(x) δ(x − y), (4.10)
and the gravitational gauge generators follow the Lie algebra
[Ga(x), Gb(y)]PB = ǫabG3(x) δ(x − y) (4.11)
[Ga(x), G2(y)]PB = ǫabGb(x) δ(x − y) , (4.12)
where a common time argument has been suppressed. Quantization consists of replacing
Poisson brackets by commutators. We proceed following Ref.[9], i.e. we exploit the features
of the Schro¨dinger functional representation to postpone questions of the quantum nature
of the constraint algebra (4.11)-(4.12). We seek wave functionals Ψ, in the Schro¨dinger
representation, that are solutions of the functional differential equations corresponding to
the requirement of vanishing constraints. As done in Ref.[9], we do not well-order operators
in the constraints at intermediate steps of the calculation; the ordering is stipulated only at
the end, when a constraint is taken to act on the wave functional. We work in “momentum”
space for the metric and the Yang-Mills variables, i.e. Ψ depends on ηa, η2, η3, Π, and q
a
while ea1, ω1, a1, A1, and pa are realized as the functional derivatives
ea1 ∼ 2πκi ∂∂ηa , ω1 ∼ 2πκi ∂∂η2 , a12 ∼ 2πκi ∂∂η3 ,
A1 ∼ 1i δδΠ , pa ∼ 1i δδqa , (4.13)
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Having clarified the objectives and methodology of our investigation, we can proceed in the
investigation of the quantum mechanical theory. We begin by observing that the G3 = 0
constraint simply requires that the wave functional depends only on the constant part
of η3, which we call λ (in analogy with the classical theory, where it corresponds to the
cosmological constant). We also notice that
ηa
λ
Ga −G2 = M
′
4πκλ
+
(
qa +
ηa
λ
)
ǫ ba pb (4.14)
where M is the gauge-invariant combination¶
M = ηaη
a − 2η2η3 . (4.15)
Eq.(4.14) implies that, as a result of the Ga = 0 and G2 = 0 constraints, in the space of
physical wave functionals the following operatorial relation holds
M ′
4πκλ
= −
(
qa +
ηa
λ
)
ǫ ba pb . (4.16)
In light of the above observations, it is convenient to shift some of the (functional) variables
used to describe the wave functional. The variables qa can be conveniently replaced by the
shifted variables
ρa ≡ qa + ηa/λ , (4.17)
which respond only to Lorentz gauge transformations (they are translation and U(1) invari-
ant). pa can then be taken as conjugate to ρ
a. Moreover, η2 can be shifted by ηaη
a/(2λ),
so that −2λη2 is replaced by the gauge invariant variable M . Correspondingly 12piκω1, the
coordinate conjugate to η2, is renamed 2λΠM , with ΠM conjugate to M .
With these redefinitions, one finds that wave functionals satisfying the gravitational gauge
constraints take the form (also using the notations ρˆa ≡ ρa/ρ and ρ ≡ √ρaρa)
Ψ = δ(η3 − λ) eiΩ eiΩ˜ Ψ˜(M,η3,Π, ρ2) (4.18)
where Ω is the Kirillov-Kostant 1-form on the coadjoint orbit of the extended Poincare´
group
Ω =
1
4πκλ
∫
ǫabηadηb , (4.19)
and
Ω˜ =
1
4πκλ
∫
dρˆaǫabρˆ
bM . (4.20)
Once Eq.(4.14) is taken into account, the fact that (4.18) solves the gravitational gauge
constraints can be easily checked in complete analogy with corresponding analyses presented
in Refs.[5, 7, 9]. The ηa-independence of Ψ˜ can be traced back to the Ga = 0 constraint,
whereas the vanishing of G2 causes Ψ˜ to depend on ρa only through its magnitude ρ.
The structure of Ψ˜ is further constrained by the Ca=0 and G=0 requirements, which we
have not yet imposed. In particular, the G =0 constraint implies (Π2)′ =0, i.e. the wave
¶In the classical theory in absence of the Yang-Mills fields, M is constant and corre-
sponds to the “black hole” mass[5, 7, 9].
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functional depends only on the constant part of Π2, which we call Q2/16 to be in agreement
with the conventions of sec. 3.
Instead of imposing directly the constraint Ca, we equivalently consider the combination
Ha ≡ Ca + 1
4λ
VˆQ(m)ǫ
a
bG
b = pa +
1
4
VˆQ(m)[ǫ
a
bρ
′b +
2πκ
λ
(pa + 2λ2ρaΠM )] , (4.21)
where VˆQ is the effective dilaton potential defined in the previous section, and we also
introduced the notation
m ≡ ηAqA = λ
2ρ2 −M
2λ
. (4.22)
To proceed it is convenient to decompose this constraint in its radial and angular part,
namely
Ha = ǫab
ρb
ρ2
(ǫlmρlHm) +
ρa
ρ2
(ρlHl) (4.23)
with
(ρlHl) = ρap
a +
1
4
VˆQ(m)[ǫabρ
aρ
′b +
2πκ
λ
(ρap
a + 2λ2ρ2ΠM )]. (4.24)
(ǫlmρlHm) = − 1
4πκλ
[M ′ − πκVˆQ(m)m′] (4.25)
In Eq.(4.25) we have used Eq.(4.16) to eliminate the combination ǫabρ
apb.
Taking into account that ρap
aΩ˜ = 0, the radial part (4.24) leads to the following constraint
on Ψ˜
ρap
a +
πκ
2λ
VˆQ(m)(ρap
a + 2λ2ρ2ΠM ). (4.26)
The structure of Eq.(4.26) suggests that it might be convenient to shift the M dependence
in the remaining Ψ˜ functional by the term −M(1+ 1/2λ) + λρ2/2, which is equivalent to a
canonical transformation fromM , ΠM , and pa tom, Πm = −2λΠM , and Πa = pa+2λ2ρaΠM
(ρa is unaffected). In terms of the variables m and ρ2, the constraint (4.26) on Ψ˜ takes the
form [
1− πκ
2λ
VˆQ(m)
]
δΨ˜
δρ2
+ λ
δΨ˜
δm
= 0. (4.27)
It is then easy to see that Eq.(4.27) implies that the wave functional only depends on the
following combination of the m and ρ2 variables:
ξ ≡ λ2 ρ2 − 2λm− πκJQ(m) = (M − πκJQ(m)) , (4.28)
where JQ(x), as in the sec. 3, is a x-primitive of the function VˆQ(x).
Subsequently from (4.25) it follows that only the constant part of M−πκJQ(m) can appear
nontrivially in the wave functional.
Finally, we observe that the solutions of the G=0 constraint associated to the gauge field
A are of the form
e−iΩΠfGI(Π) with ΩΠ =
∫
< K , gKΠ dg
−1
KΠ
> , (4.29)
where we use the index “GI” to indicate that fGI is a gauge-invariant functional of Π (i.e.
depends only on the characters of the Yang-Mills group), <,> is the invariant inner product
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of the Lie algebra of the Yang-Mills group, K is any fixed element of the Lie algebra, and
gKΠ is a group element such that Π= g
−1
KΠKgKΠ. For example, if the Yang-Mills group is
SU(2) (generators σ1, σ2, σ3), the reader can easily check that G vanishes on the functional
e−iΩ
SU(2)
Π fGI(Π) with Ω
SU (2 )
Π
=
∫
Π2
Π1 dΠ3 −Π3 dΠ1
Π 2
1
+Π 2
3
, (4.30)
which corresponds to K = σ3 and, accordingly,
gKΠ = e
iθ1σ1eiθ2σ2 with θ1 = −1
2
arcsin(Π2 ) , θ2 =
1
2
arcsin
 Π1√
Π 2
1
+ Π 2
3
 .(4.31)
The above analysis of the Ca=0 and G=0 constraints leads to the following final result for
Ψ˜
Ψ˜ = δ(ξ′) δ((Π2)′) e−iΩΠ
˜˜
ΨGI(ξ,Π) , (4.32)
which together with Eq.(4.18) gives the sought physical wave funtional.
It is useful to consider some limiting cases of our result.
If V =W =0, the starting Lagrangian reduces to the one of free gravity. It is not difficult to
check that the correct wave functional is recovered. In fact, JQ(m) → 0 in this limit, and
only the dependence on the constant part of M survives in agreement with reference [7, 9].
If W = 0 but V 6= 0, we reproduce, by using the gauge formulation, the results about the
most general dilaton gravity obtained in Ref.[10]. Moreover it is interesting to notice that
for V (x) = x2 the model is equivalent to the R2 gravity with the constraint of vanishing
torsion.
If V =0 but W 6=0, one can realize, by varying W , a family of couplings involving metrics
that can be obtained by conformal rescaling of the Cangemi-Jackiw gauge metric. In par-
ticular, the case W = constant corresponds to Yang-Mills fields minimally coupled to the
gauge metric, whereas W (x) = exp[
∫
(dφ/2)(dSP /dφ)−1] corresponds to Yang-Mills fields
minimally coupled to the physical metric[8].
V Closing Remarks
Our analysis of string-inspired gravity coupled to Yang-Mills fields prompts several con-
siderations.
Let us start by observing that the gauge theoretical Cangemi-Jackiw formulation of
string-inspired gravity has led indeed to a very natural description of the coupling to
Yang-Mills fields. We reproduced and generalized several results known in the geomet-
rical formulation, by showing that, in the momentum representation, the constraints could
be straightforwardly enforced with the help of a series of Kirillov-Kostant phases.
It should also be noticed that, whereas in the realm of the geometrical formulation the
class of theories here considered appears to be completely general, in the gauge-theoretical
formulation one can assume more complicated structures for the potentials V and W , in
which they depend on the additional two field variables ξ and η3. [We remind the reader that
ξ and η3 are numbers in the geometrical formulation, whereas they are independent scalar
fields in the gauge-theoretical formulation.] Roughly speaking, a nontrivial dependence on ξ
allows for both dynamical torsion and curvature, while a nontrivial dependence on η3 “turns
on” the fields aµ associated to the central extension. It would be interesting to investigate
these more general scenarios.
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Our results also indicate that Yang-Mills fields in two dimensions have no dynamical
degrees of freedom even when coupled to dilaton gravity. As shown by Eq.(4.28), they only
affect the geometry by modifying the relation between the variable M and the constant
mode ξ characterizing the wave functional (ξ=M in pure gravity). The solvability of the
diffeomorphism constraints can be traced back to this topological nature of the Yang-Mills
fields, and the fact that, in such a context, these constraints can be genuinely traded for the
gauge-theoretical constraints of the extended Poincare´ group. The difficulties encountered
in Ref.[9], where the coupling of a scalar field to dilaton gravity was investigated, can be
interpreted as a consequence of the disruption of the topological structure caused by the
dynamical degree of freedom of the scalar field.
We also notice that in the context here considered, unlike the case of dilaton gravity
coupled to point particles[8] no spurious divergences resulted from the use of the Poincare´
variables. This supports the interpretation[8] of the divergences encountered in the point-
particle case as a purely technical difficulty, originating from the fact that the description of
N point particles requires the introduction of N sets of Poincare´ variables with singularities
associated to the configurations with overlapping particle positions. The description of
Yang-Mills fields coupled to dilaton gravity requires the introduction of only one set of
Poincare´ (field) variables.
We close by reemphasizing that our analysis should be considered only as a first step
toward the challenging objective of a fully consistent quantization of the gravity Yang-Mills
system. By following the approach of Refs.[5, 7, 9, 10], we have postponed the issue of
the quantum nature of the constraint algebra, and the problem of defining a consistent
funtional measure in the space of physical functionals that we identified. This level of
analysis has allowed us to make a preliminary investigation of the structure of the gravity
Yang-Mills system, leading in particular to the observation of several differences between
this system and the previously investigated cases of pure gravity[5], gravity coupled to point
particles[7, 8], and gravity coupled to scalar matter fields[9]. We hope that our results will
be useful and will provide motivation for future studies in which the quantum nature of the
problem be fully explored.
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